JOURNAL OF COMPUTATIONAL PHYSICS 42, 309-326 (1981)

Numerical Solution of a Symmetric
One-Dimensional Diode Model

MaximirLiAN R. MAIER

Institut fiir Mathematik der Technischen Universitdt,
Arcisstr. 21, D8000 Miinchen 2, Federal Republic of Germany

AND

DonNnaLp R. SmitH

Department of Mathematics, University of California, San Diego, Culifornia 92093
Received January 5, 1981

An accurate and efficient algorithm is given for the numerical integration of a singularly
perturbed nonlinear two-point boundary value problem. arising in the steady-state one-
dimensional theory of semiconducting materials. The mathematical model assumes that the
effects of recombination -are known a priori, resulting in the third order system (2.1). The
algorithm is based on a decomposition of the problem into certain subproblems as suggested
by the asymptotic analysis of D. R. Smith [“On a Singularly Perturbed Boundary Value
Problem Arising in the Physical Theory of Semiconductors,” Technical Report TUM-M8021,
Technische Universitit Miinchen, Institut fiir Mathematik, October 198C]. Multiple shooting
is used to solve certain of the subproblems. The numerical results are in agreement with a
striking physical effect of W. Shockley, G. L. Pearson, and J. R. Haynes |Bell Syst. Tech. J.
28 (1949), 344-366).

1. INTRODUCTION

A numerical study is given of a mathematical model for the steady-state ‘one-
dimensional behavior of semiconducting materials. The model involves a boundary
value problem for a nonlinear system of differential equations. The efficient numerical
calculation of solutions to the problem must confront certain difficulties stemming
from the facts that the problem is smgularly perturbed and depends quxte sensitively
on the prescribed boundary values. These"difficulties are overcome in the present
study by a certain decomposition of the probiem into subpfoblems each of which is
regular and can be efficiently solved. The decomposition is based on an asymptotic
analysis of the problem given by Smith [12] This approach to the numerical solution
of singularly perturbed problems is related to that of Miranker [8], Flaherty and
O’Maliey {6, 9], and others where asymptotic expansions are used in the construction
of numerical algorithms for certain® stiff initial and boundary value problems.

309

0021-9991/81/080309-18%02.00/0

Copyright © 1981 by Academic Press, Inc.
All rights of reproduction in any form reserved.



310 MAIER AND SMITH

Multiple shooting is used in the present case to solve certain of the regular
subproblems.

A description of the mathematical model is given in Section 2, and the numerical
technique of solution is discussed in Section 3. The numerical results are presented in
Section 4. In Section 5 it is shown that the numerical results confirm the striking
physical effect of Shockley er al. [11, pp.348-349] that “in a semiconductor
containing substantially only one type of current carrier, it is impossible to increase
the total carrier concentration by injecting carriers of the same type; however, such
increases can be produced by injecting the opposite type....”

2. THE MATHEMATICAL MODEL

The differential equations

dE
W'——=p—n+D(x),

dx

dp

B R - B 2.
i PE — I (x), (2.1)
dn

Td‘; = —nE + In(X)

appear in the steady-state one-dimensional theory of semiconducting devices (cf.
Shockley [10], van Roosbroeck [14], and Vasil’eva er al. [15]), where E = E(x)
represents the electrostatic field, p = p(x) and n = n(x) represent the hole and electron
densities (of positive and negative charges, respectively), I, =1I,(x) and I, =1,(x)
represent the hole and electron currents, ¢4 is a small positive parameter giving the
ratio of the thickness of the physical diode junction to the length of the diode, and
D = D(x) is the doping density which gives the difference between the densities of
donor electrons and holes.

We consider a symmetric diode occupying the region —1 £ x < 1 with an abrupt
junction placed at x = 0, and in this case it suffices to consider the system (2.1) in the
region 0  x < 1, where this latter region can without loss be taken to be the n-side of
the diode. The functions D, I, and I, are assumed to be given (subject to certain
conditions listed in [12]), and the unknown functions E, p and # are to be determined
as solutions of (2.1) for 0 < x < 1 subject to the given boundary conditions

p0)=n(0) (22)
and

p(1)=y, and n(1)=D(1)+y, (2.3)
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for given constants y, and y, satisfying

7,20 and D{1y+vy,>0. (2.4

The conditions (2.4) are related to the physical requirement that the densities p{x)
and n(x) should be nonnegative. The parameters y, and y, represent external source
strengths of holes and electrons at x = 1. The case y, =0 in (2.3) corresponds to the
situation in which the electron density agrees with the intrinsic density of donor
electrons at x = 1.

The above boundary value problem (2.1)-(2.3) has been studied asymptotically
and numerically by Vasil’eva and Stel’'makh [16] in the special case

Y,=V,=0, I,=1I,= Constant, D = Constant. {2.5)

This special case has also been treated numerically by Ascher [1] with a general-
purpose spline-collocation code. If one wishes to address the physical effect of
Sheckley er al. mentioned at the end of Section 1, then it is essential to consider the
more general boundary conditions of (2.3).

It is shown in [12] that the asymptotic analysis of [16] can be generalized to the
problem (2.1}-(2.3) subject to certain natural conditions on the data. In the general
case one finds boundary layers at the junction x =0 and at the endpoint x = 1, and
indeed the boundary layer structure at x =1 is responsible for the physical effect of
Shockley et al.

In [12] it is shown that the solution functions E, p and n can be well-approximated
(for small 4) on compact subintervals of the open interval (0, 1) by the “outer”
functions £, § and 7 determined as solutions of the reduced system

0=p—17+D(x),

ap .5 \

~

d ~
E%:-ﬁE+In(x) for0 xg 1

subject to the modified boundary (terminal) conditions

__ =D(1) + /D) +43,ID(1) + 7,]

(2.7
_+ D)+ vDAY + 43,{D(1) + 7, &0

A1) . .

Indeed one has estimates of the form

|E(x) — E(x)},| p(x) — 5(x)), |n(x) — A(x)| < Const. (2.8)
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uniformly for all x on any such compact subinterval of (0, 1), for a fixed constant on
the right side of (2.8) independent of u as z— 0.

The problem (2.6)—(2.7) has a unique solution which can be conveniently obtained
from the solution u = u(x) of the auxiliary problem

u%: [1,(x) = I,(x)] u+ [D'(x)—I] D(x) for0<x< 1,
u(1)=+/D(1)* + 47,[D(1) + 1,. (2.9)

Once u is determined, then £, p and 7 are given as

O
px) = L()C);—DQ’ (2.10)
i) = i(i‘li;_ll(x_),

(The solution u of (2.9) satisfies u(x) > D(x), so that the densities § and 7 are
positive; cf. [12].)

3. THE NUMERICAL METHOD

The method of multiple shooting (cf. Stoer and Bulirsch [13] and the references
given there) has proved to be a highly accurate method for the numerical solution of
two-point boundary value problems such as

Y =f@y) x€lab],

3.1)
r(y(a), y(b)) =0,

where here, as usual, the quantities y, £ and r are suitable vector valued functions.

In the present study we use a realization of multiple shooting given by Bulirsch et
al. [3]. This realization has been extensively tested in actual computations, cf.
Diekhoff ez al. [5]. The interval a < x < b is suitably subdivided as

A=x, <%, < - <Xpy_ <Xpy=b (M nodes), (3.2)

and one considers the initial value problems

y=reey)  forx€xp,x .l yig)=s; 3.3)
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for j= 1,.. M — 1. If y(x; x;, s;) denotes the solution of (3.3), then the vectors s; are
determined so that the following continuity and boundary conditions hold:

Fis;,8;01) =Y(X5 5%, 8,) —8;,, =0 Jj=1.,M-2, (3.4a)
and
Foy 1(5y5 8y 1) =1(s3, 7% Xag 15 Sy —1)) = 0. (3.4b)

The conditions (3.4) define a system of nonlinear eguations which is solved
numerically by a modified Newton method as described, for example, in {13}, with a
relaxation strategy developed by Deuflhard [4]. A key role is played in this
procedure by the following matrix E;

or

L Gy Gy G, (3.5)
ay(a) 8y(b) M-t -2 T ’

where
dy )
i Js, XKjs3 %5 8)  J=Le, M~ 1

(It will be clear from the context whether E denotes the matrix (3.5) or the elec-
trostatic field corresponding to a solution of (2.1).) At the resulting numerical
solution point of (3.4), the algorithm computes a certain norm of the matrix E, which
will be denoted here simply as norm (E), and which measures the sensitivity of the
problem relative to variations of s,.

For the semiconductor problem (2.1)~(2.3) the values of norm () increase rapidly
with decreasing values of the positive parameter g due to the boundary layer effects
which occur near the endpoints of the interval 0 < x < 1. One finds, for example, that
the values > =10"% 1073, 10™* lead, respectively, to values norm (E)= 5 x 107,
4 x 10", 7 x 10°*. In practice one wishes to consider the boundary value problem
(2.1)-(2.3) for small values of 4 with y* on the order of 10™*° (and smaller!), and in
such cases it is not feasible to solve (2.1)(2.3) by multiple shooting directly over the
entire interval in single precision.

This difficulty is overcome by using the asymptotic analysis of [12] to decompose
the numerical solution of the singularly perturbed problem (2.1)~(2.3) into the
numerical solution of three regular problems: the “outer” problem (2.6)-(2.7), along
with two boundary boundary value problems for (2.1), one for each of the two
endpoints.. These latter two boundary value problems afe regular, with small norm
(E), and they can be accurately and efficiently solved by multiple shooting.

Specifically, the regular terminal value problem (2.9) can be solved by (almost)
any initial value method, and then (2.10) provides the solution of the outet problem
(2.6)-(2:.7). For small ¢ the resulting outer solution provides an acceptable approx-
imate solution to the original problem (2.1)~(2.3) on compact subintervals of {0, 1)
(see (2.8)). However, in general, this outer solution does not provide an acceptabie
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approximate solution to (2.1)-(2.3) near the endpoints x =0 and x =1 where the
outer solution fails, in general, to satisfy the boundary conditions of (2.2) and (2.3).
Adjoining each endpoint there is (in general) a thin boundary layer region interior to
which certain components of the solution undergo rapid variations.

To obtain an approximate solution to the original problem near the left endpoint
we consider an auxiliary boundary value problem for (2.1) on the (left) subinterval
0 < x < x, where x, is chosen below so that the subinterval [0, x; | contains the bulk
of the left boundary layer. We then let *E(x), *p(x) and *n(x) denote the solution
functions of the original differential equations (2.1) on the interval [0, x; | subject to
the boundary conditions

*p(x) =B(xy),
*p(0) = *n(0), 3.6
P "©) *n(xy) = A(xL), (-6)

where p and 7 denote the outer solution functions given by (2.10). This problem
(2.1), (3.6) is to be solved by multiple shooting.

Of course if x; is too large, then the problem (2.1), (3.6) will have the same fault
as the original problem (2.1)-(2.3): norm (E) will be excessively large and it will not
be feasible to use multiple shooting over the entire interval. However, it follows from
the analysis of [12] that the length of the boundary layer region is quite small, of
order ¢ Inu~! for small 4 > 0, and therefore x;, can be taken to be small, typically
only an order of magnitude larger than 4. For such values of x; the boundary value
problem (2.1), (3.6) is regular, and its numerical solution can be readily obtained. In
practice it is convenient first to make the change of variable x,.,, = x,,4/# Which has
the effect of stretching the small interval [0, x; ] to a more convenient size, and then
the problem is solved in terms of the stretched variable x,,.

The actual selection of x; is made with the aid of the following estimates valid
near x = 0, obtained from [12] (compare with (2.8)):

196) =50, Ine) — ) < 24 o)
3.7)

50— )< 222+ 0

uniformly for, say, 0 < x 0.5, where the quantity 4 = 4(x, ¢) can be defined as

[ "(O)] [D(0) + \/45(0) 7(0)] e—(x/u)\/ﬁm. (3.8)

A(x,u) = 50)

The condition (1.17) of [12] implies that the outer solution satisfies 5(0) > 0 (see
also (3.6) and (3.7) of [12]), so that A (x, 4) is exponentially small for large x/u. The
estimates (3.7), (3.8) are not sharp, but they are adequate for our purpose since we
only use these estimates to provide a tentative initial choice for x,. The resulting
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tentative value of x, is then modified using certain numerical tests as described
below. N
A satisfactory tentative choice for x; can be determined by the condition

A0 _, (3.9)
u

for some suitable, fixed small positive constant a. For example, if one takes I, =1, =
D=y,=1,y,=0 and ¢ =0.01 in (3.9), then the values a = 0.1, 0.01 lead, respec-
tively, to the values x;/u==13, 17. In all cases discussed in Section 4, acceptable
values of x; were found to be obtained with x; /u on the order of 10 to 15, as verified
by the following error controls.

As an error control on the numerical solution of the problem (2.1), (3.6) on the
interval: |0, x, |, we compare the computed value of *E(x, ) with the value of the outer
solution E(x,). As an additional test we also compare the computed values *E(0),
*n(0) and *p(0) with the asymptotic values obtained from [12].

An alternative method for the determination of x, is to compute *E, *p and *n
corresponding ‘to several different values of x; , and then make a comparison of the
resulting solution functions. This latter approach has the merit of rémaining feasible
for similar problems for which estimates such as (3.7), (3.8) are not available, and
this approach:has also been used as an additional error control in the present case
even when such estimates are available.

Similarly, to obtain an approximate: solution near the right endpoint, we consider
an auxiliary problem on the subinterval x; < x < 1, where x, is chosen so that the
interval |xy, 1] contains the bulk of the boundary layer region adjoining x = 1. In
this case there are several different possibilities for the boundary layer structure near
x =1 depending on the given boundary values y, and y,, as described in Section 4.
For example, if there holds ¥» =V, then there is no boundary layer near x = 1, and
the outer solution provides an acceptable approximate solution up to the boundary at

= 1. In all other cases, when y,# y,, a boundary layer exists near x =1 (at least
for some components of the solution), and estimates near x = 1 analogous to (3.7),
(3.8) can be obtained from [12]. These latter estimates can again be used in the deter-
mination of xg, and we let E*(x), p*(x) and n*(x) denote the solution functions of
(2.1) on the subinterval [xg, 1] subject to the boundary conditions

(o \ B pr(1) =y,
E*(xg) = E(xy), n*(l):D(l)—{—yn, (3.10)

The problem (2.1), (3.10) is solved by multiple shooting after a stretching of the
interval [xg, 1], analogous to the previously discussed situation near x = 0. As error
controls in this case we compare the computed values of p*(xy) and n*(x,) with the
corresponding outer values f(xy) and Ai(xy), and we compare the computed value of
E*(1) with the corresponding asymptotic result of [12]. In all cases discussed in
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Section 4, acceptable values of x, were found to be obtained with 1 — x; on the order
of 10u to 15u.

Note that we prescribe E* at x5 in (3.10) rather than either p* = p or n* = /i since
either of these latter two boundary conditions alone at x, will generally lead to the
numerical result p* —n* + D#0 at x;, and then the structure of (2.1) leads
numerically to an artificial boundary layer at x; which results in a poor approx-
imation near x;.

The voltage V"= F(x) can be defined as

X

V(x) :=—f E, (3.11)
0

and then the quantities

1
"E  and [ E (3.12)
*R

0

give measures of the voltage drops across the respective boundary layers near x =0
and x= 1. Even though the boundary layer intervals [0, x ] and [xy, 1] are thin,
with lengths on the order of u In £, it follows from [12] that the integrals of (3.12)
are of order unity as u— 0. Hence if one wishes to compute accurate values of the
voltage (3.11), then accurate values are required for the electrostatic field E(x) for
values of x ranging over the entire interval 0 < x < 1 including values of x within the
boundary layers.

Finally, it should be mentioned that approximate solutions can be alternatively
obtained near the endpoints by using (almost) any initial value method to solve the
initial value problems given in Sections 4 and 5 of |12] for the leading terms in the
boundary layer corrections which can then be added to the outer solution functions.
This latter approach is used, for example, in the algorithm of Flaherty and O’Malley
[6, 9] which is designed to handle certain stiff boundary value problems, not
including (2.1)-(2.3). However, the present technique involving the auxiliary
boundary boundary value problems requires slightly less asymptotic analysis in
practice, and it also has the merit of permitting the accurate numerical integration of
the original system of differential equations (2.1) across the boundary layers.

4, NUMERICAL RESULTS

The analytical treatment given in [12] for the boundary value problem
(2.1)~(2.3) shows that the following three possibilities exist for the boundary layer
structure near x = 1, depending on the specified boundary values at x = 1:

7x = ¥, = solutions have no boundary layer at x = 1; (4.1a)

V. % ¥, = 0= only E and n, but not p, have
boundary layers at x = 1; (4.1b)
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v, # 7, > 0= all components E, n and p have
boundary layers at x = 1. 4.1c)

The qualitative nature of the boundary layer structure near x =0 is independent of

The present numerical procedure as described in Section 3 permits one to handle a
general doping profile D= D(x) and general curremt functions I, =1I,(x) and
I,=1,(x). However, in the following numerical results we have in every case taken
the doping profile to be given as

Dx)=1 for0<x< 1, 4.2)
and we compute solutions for the following two current distributions:
Ix)=I,(x)=1 for0<xg 1, {(4.3a)
and
I,(x)=15 and [I,(x)=0.5 for0g<xg L. {(4.3b)

The small parameter 4 ranges from 1072 to 107° It may be added that the problem
(2.1)-(2.3) has no solution for the current distribution I, =7, =0 in the case y, =0,
as shown in [12] and detected also numerically by the present algorithm.

In every case the boundary value problems on [0, x; ] and [x;, 1] subject to the
respective boundary conditions (3.6) and (3.10) were solved using multiple shooting
with 11 equally spaced nodes, with M = 11 in (3.2).

The routine DIFSY1 is used as the initial value method for the multiple shooting
algorithm. DIFSY1 is a realization of Gragg/Bulirsch/Stoer extrapolation (cf.
Bulirsch and Stoer [2]) with a stepsize control due to Hussels [7]. DIFSY! is also
used as the integrator for the outer problem (2.9).

All computations were performed in FORTRAN IV with single precision {(48-bit
mantissa) on the CDC CYBER 175 of the Leibniz Rechenzentrum der Bayerischen
Akademie der Wissenschaften. The solutions were computed with tolerances of
EPS = 1.E-6 for the initial value problem (2.9) and EPS = 1.E—4 for the boundary
value problems (2.1), (3.6) and (2.1), (3.10). The notations TIME and NFC are used,
respectively, to denote the total time (in seconds) required to solve a problem and the
number of function calls of the right side of the differential equations (2.1).

Case (4.1a). y,=7v,. We consider the case y,=7y,=0 in detail, and we also
discuss briefly the case y, =y, = 1. From the analysis one expects a boundary layer
only at-the left side near x = 0.

The discussion following (3.9) indicates that a suitable choice for x, can be taken
as x, = 15u. Table I shows the influence of the actual choice of x; on the required
computing time, the number of functions calls, and norm (E), for y,=1y,=0. One
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TABLE I
TIME
NFC E(0)
norm (E) p(0)=n(0)
“ BZoyo Toys %220 I=1,=1 =13
U u U 1,=05
1072 0.26 0.31 0.39 ~0.69190E2 —0.88975E2
3325 4372 6115 0.99649 0.57729
0.13E4 0.56E6 0.31E9
10~ 0.28 0.36 0.39 —0.69938E3 —0.90094E3
3754 5366 6067 0.99965 0.58243
0.13E4 0.66E5 0.35E8
107* 0.28 0.48 0.58 —0.70012E4 —0.90205E4
3892 7410 9151 0.99996 0.58294
0.12E2 0.62E4 0.82E7
10-* 0.29 0.53 0.84 —0.70020E5 ~0.90216ES
4036 8216 13,748 1.0000 0.58299
0.43 0.61E3 0.31E6
107°  x, too small 0.72 0.96 —0.70020E6 —0.90218E6
11,140 15,275 1.0000 0.58300
0.64E2 0.56E5

sees that norm (E) increases with incréasing values of x; , and there is a small range
or bandwidth for acceptable values of x; subject to requirements of accuracy (x
large enough) and computational efficiency (x; small enough). The value x, = 154 is
satisfactory. This value leads to a computed electrostatic field which agrees at x;
with the outer solution £(x,) to at least two decimals in all cases.

The last two columns of Table I contain the computed values of the solution
functions at the left endpoint x = 0 in the two cases (4.3a) and (4.3b), with x, = 154.
Here and below we often write E, p and # instead of *E, *p and *» for the computed
solution functions of (2.1), (3.6). These computed values at the left endpoint are in
good agreement with the corresponding asymptotic values obtained from [12].
Indeed, from [12] one finds for the exact solution the results

BO) = [e, 4+ 0@ls,  p0)=n(0)=c, + O) @4)
with constants ¢, and ¢, given as
ﬁ(O) _ - . . 1/2
¢, = {D(0) [ n ;@] 1 4y/B0) 70) — 2 50) + 7©O)]]
4.5)

¢ = V/B(0) #(0).
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In the present case the outer values are computed as

7i(0) = D(0) + H(0) = 1.618034  in case (4.3a)
=1.268039  in case (4.3b) (4.6)

with y,=7y,=0, and then (4.5) and (4.6) lead to the values c¢,=-0.70020,
¢, = 1.0000 in case (4.3a), and the values ¢, = —0.90218, ¢, = 0.58300 in case (4.3b).
The resulting asymptotic values obtained with (4.4) are seen to be in close agreement
with the computed values listed in Table 1. One can use (4.4)}-(4.6) to obtain approx-
imate values at x = 0 for any small values of p.

Graphs of the computed solution functions are shown in Fig. 1 in the case
V,=7,=0 with y= 107%, where the two cases (4.3a) and (4.3b) are indicated,
respectively, by the dashed and solid lines. The solid and dashed lines coincide for the
electrostatic field £ within the accuracy of the graph. The boundary layer effects are
sharper for smaller values of u, but the solution functions remain approximately
unchanged away from the boundary layer region, and the qualitative behavior of thé
solution functions is the same for smaller y.

An increase in the common value of y,=1y, from O to any positive value, say
7, =7, =1, leads to solutions which are in qualitative agreement with those indicated
in Fig. 1, except that the densities p and n are everywhere larger away from the
boundary layer region while the electrostatic field E is everywhere smaller there.

Case (4.1b). y,#7y,=0. In this case we consider the two examples y, = 0.5 and
7. = 1, with y,=0 in both cases. From the analysis one expects £ and n to have
boundary layers at both endpoints x =0 and x =1, but p is expected to have a
boundary layer only at x = 0. This behavior is verified below.

If y,=0 as in the present case, then the outer solution and the boundary layer
structure at x =0 are independent of the value of y,. In particular one obtains the

1.6 Fr~
\ ry
- 0% { 2 A4 6 8 10
14 n ~— A
- 100
~~
12 -200
~
1.0 -30.0(]
8 -400
-50.0
B~
~— -600
4 —~
. 0 —
~ -700%¢
2 ~.
-800
\
00 : -30.0*
2 4 .6 8 1.0

FiGuURE 1
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same results for the left boundary layer as in the case y, =y, =0 considered above
(cf. Fig. 1). Hence in the following we emphasize the boundary layer structure near

=1

A suitable value for xy can be found with techniques similar to those already used
above for x, , as discussed in Section 3. The value x; = 1 — 154 is satisfactory for the
present examples as regards both accuracy and computational efficiency. This value
of xy leads to corresponding values of TIME, NFC and norm (E) in the following
ranges, for values of u between 102 and 10~°:

Yn="0.35 Yn=1
TIME 0.4-0.75 | 0.5-0.65
NFC 5600-12,800 7300-10,500
norm (E) 0.3E7-0.5E7 0.4E7-0.6E7 (4.7)

Graphs. of the computed solution functions are shown in Figs. 2 and 3 for the
respective cases y,=0.5 and y,=1. In each case the dashed and solid lines
correspond, respectively, to (4.3a) and (4.3b), as in Fig. 1, and the parameter u is
taken as g = 1072

Table II contains the computed values of the electrostatic field E at x=1 in the
different cases. By way of comparison one has the asymptotic result (7.12) of [12]
for the exact value E(1), from which we find

E(1)=[-0.43483 + O(w)}ju  if 7,=0.5
= [~0.78340 + O(w)|ju  if 7,=1, (4.8)

which is in close agreement with the computed values listed in Table II. Note that the
value E(1) is independent of the current distributions ,(x) and I,(x) to lowest order

0.0 = 7 % B Yio
100

-20,0

-30.0

-40.0

-50.0

-60.0
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-80.0F

-90.0

FIGURE 2
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in u, but E(1) is sensitive in this case to the specified boundary value y,. Indeed, the
doubling of y, from y,=0.5 to y, =1 leads almost to a corresponding doubling in
E(1).

Case (4.1c). y,#7y,>0. In this case we consider the two examples y, = 0.5 and
7, = 1, with y, =0 in both cases. From the analysis one expects all components of
the solution to have boundary layers at both endpoints, and this is verified com-
putationally.

Suitable values for x; and x; were obtained using the technique described. in
Section 3. The values x, = 10u, xg = 1 — 10u are satisfactory when y, = 0.5, and the
values x; = 15y, xz = 1 — 10u are satisfactory when y, = 1. These values of x; and
xy lead to corresponding values of TIME, NFC and norm (F) as summarized in the
following table, for u between 1072 and 1075:

TABLE II
E()
L=1,=1 I,=15,1,=05
H Vn:os Ynzl ‘Yn:OS . }’,1.:1
1072 —0.41702E2 —-0.76667TE2 —0.41774E2 —0.76792E2
1072 —0.43301E3 —0.78169E3 —0.43310E3 —0.78183E3
107 —0.43464E4 —0.78322E4 —0.43465E4 —0.78324E4
107° —0.43480E3 —0.78338E5 —0.43480E5 —~0.78338E5

107° —0.43482E6 —0.78339E6 —0.43482E6 ~0.7833%9E¢6
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Graphs of the computed solution functions are shown in Figs. 4 and 5 for the
respective cases y,=0.5 and y,=1. In each case the dashed and solid lines
correspond, respectively, to (4.3a) and (4.3b), as before, and the parameter u has
been given the value u = 1072
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TABLE IiI
E(0)
p{0) = n{0)
E()
I=1=1 I,=151,=05
1 7, =0.5 =1 7, =05 V=1
107! ~0.62748E2 —0.58516E2 —0.77931E2 —0.70778E2
1.2221 1.4121 0.77215 0.94828
0.41168E2 0.70965E2 0.41221E2 0.71024E2
<1073 —0.63398E3 —0.59097E3 —~0.78904E3 —0.71625E3
1.2245 1.414 0.77575 0.95106
0.40085E3 0.70115E3 0.40089E3 0.70121E3
10* —0.63463E4 —0.59154E4 —0.79001E4 —0.71709E4
1.2247 1.4142 0.77611 095134
0.39976E4 0.70030E4 0.39976E4 0. 70031E4
107° —0.63469E5 —~0.5916E5 —0.79010ES5 ~0.71718ES
1.2247 1.4142 0.77615 0.95137
0.39965E5 0.70021E5 0.39965E5 0.70022E5
107° —0.63470E6 ~0.59161E6 —0.79011E6 —0.71719E6
1.2247 1.4142 0.77615 0.95137
0.39964E6 0.70021E6 0.39964E6 0.70021E6

Table III contains the computed boundary values E(0), p(0) = n(0), and E(}) in
the different cases. At x =0 one also has the asymptotic results E{(0) = [c, + O(u}}/u
and p(0) = n(0) = ¢, + O(u), where the constants ¢, and ¢, are given as in {4.5) in
terms of the computed outer values 5(0) and A(0). Similarly, from Section 4 of {12}
one has the asymptotic result E(I)=[c;+O0@W)|u with ¢;:=
2In[(1 +v1+4y,)/2]+2(1 +y,— /1 +4y,)}", where y,=0 and D=1. Table
IV gives the outer values 7(0) and p(0) along with the computed values of these

TABLE IV
I=1,=1 I,=15 1,=05
7, = 0.5 Yp=1 7, =0.5 7, =1
(0) = 1.8228756 2.0000000 1.4232606 1.5747575
D(0) + p(0)
c, —0.63470 —0.59161 ~0.79011 —0.71718
53 1.2247 1.4142 0.77615 0.95137
Cy 0.39964 0.70021 0.39964 0.70021

581/42/2-8
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constants c,, ¢,, ¢;. The computed values listed in Table III are seen to be in good
agreement with the corresponding asymptotic values obtained with the constants of
Table IV.

5. A PHysicAL EFFECT OF SHOCKLEY ET AL.

In early experimental and theoretical work on semiconducting materials it was
discovered that, in a semiconductor containing substantially only one type of current
carrier, say electrons, “it is impossible to alter the density of carriers by trying to
inject or extract (only) carriers of the same type,” whereas “such (alterations) can be
produced by injecting (carriers of) the opposite type” (Shockley et al. [11, p. 348]).
In this section we show that the numerical results of Section 4 can be used to
illustrate this physical effect of Shockley et al. within the framework of the present
mathematical model.

In the above we have taken the region 0 < x < 1 to correspond to the n-side of a
symmetric diode, so that the semiconductor contains substantially electrons as
current carriers for 0 { x < L.

In such a case if one injects or extracts only electrons at x= 1, one has the
boundary condition

7, =0. 5.1)

This condition (5.1) holds in the cases illustrated in Figs. 1, 2 and 3, and one sees in
these figures that the carrier densities p and n are indeed insensitive to the electron
source strength y, for all x on any subinterval such as [0, xg] which excludes the
boundary layer near x = 1. The electron density n is strongly sensitive to the source
strength y, within the thin boundary layer adjoining x = 1, but neither p nor n is
sensitive to y, away from this boundary layer if (5.1) holds for the n-type semicon-
ducting material. This result, illustrated by Figs. 1, 2 and 3, is in agreement with the
first part of the quotation from [11] given above in the first paragraph of this section.

On the other hand if one injects holes into the n-type material, then one has the
condition

¥, > 0, (5.2)

as illustrated in Figs. 4 and 5 for the two cases y,=0.5 and y,= 1, with ,=0 in
both cases. The densities p and n from Figs. 4 and 5 are shown superimposed in Fig.
6 along with the densities from the earlier Fig. 1, in case (4.3a). In Fig. 6 the solid
lines correspond to the case of Fig. 1 (y,=y,=0), whereas the dashed and
dot~dashed lines correspond, respectively, to the cases of Fig. 4 (y,= 0.5, y, = 0) and
Fig. 5 (y,= 1, y, =0). One sees that the electron density # is strongly sensitive to the
hole source strength y, for all x on any subinterval such as [0, x| which excludes the
boundary layer near x = 1, whereas the hole density p is strongly sensitive to y, for
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all 0 < x < 1. Both densities p and # are seen to be increasing functions of y, for all x
(except for n(1) which is independent of y,), in agreement with the analysis of [12].
These results, illustrated in Fig. 6, are in agreement with the second part of the
quotation from [11] given above in the first paragraph of this section. (Even more is
shown in [12]; the densities p(x) and n(x) are strictly increasing functions of both 7,
and y, for all x on compact subintervals of (0, 1) when (5.2) holds.)

6. SUMMARY

An accurate, efficient algorithm is given for the numerical integration of the
nonlinear singularly perturbed two-point boundary value problem (2.1)-(2.3) arising
in the steady-state - one-dimensional theory of semiconducting materials. The
algorithm is based on a decomposition of the problem into certain subproblems as
suggested by the asymptotic analysis of [12]. Multiple shooting is used to solve
certain of the subproblems. The numerical results are in agreement with a striking
physical effect of Shockley et al.
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